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Abstract
We study the algorithmic complexity of computing persistent ho-

mology of a randomly chosen filtration. Specifically, we prove upper

bounds for the average fill-up (number of non-zero entries) of the

boundary matrix on Erdős–Rényi and Vietoris–Rips filtrations after

matrix reduction. Our bounds show that, in both cases, the reduced

matrix is expected to be significantly sparser than what the general

worst-case predicts. Our method is based on a link between the fill-

up of the boundary matrix and expected Betti numbers of random

filtrations. Our bound for Vietoris–Rips complexes is asymptotically

tight up to logarithmic factors. We also provide an Erdős–Rényi

filtration realising the worst-case.
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1 Introduction
Motivation and results. The standard algorithm used to com-

pute persistent homology, first introduced in [14], is based on the

Gaussian reduction of the boundary matrix. It performs left-to-right

column additions until the lowest elements of non-zero columns

in the matrix are pairwise distinct; the matrix is called reduced in

this case. For a (𝑟 × 𝑐)-boundary matrix with 𝑟 ≤ 𝑐 , this reduction
process runs in 𝑂 (𝑟2𝑐) time, and this complexity can be achieved

by a concrete family of examples [25]. Designing such worst-case

examples requires some care – for instance, the boundary matrix

necessarily has to become dense (i.e., has Ω(𝑟2) non-zero entries)

during the reduction. On the other hand, such dense reduced ma-

trices are hardly formed in realistic data sets, and the reduction

algorithm scales closer to linear in practice [3, 27]. This leads to the

hypothesis that the worst-case examples are somewhat pathologi-

cal, and the “typical” performance of the algorithm is better than
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what the worst-case predicts. The motivation of this paper is to

provide formal evidence for this hypothesis.

To formalize the notion of a typical example, we fix a random

variable that captures a boundary matrix based on a random model

and analyze the expected runtime of the reduction algorithm over

this random variable. We study two instances of random models:

Erdős–Rényi model. Given 𝑛 vertices, apply a random permuta-

tion on the

(𝑛
2

)
edges, and build the clique filtration over this

edge order.

Vietoris–Rips model. In the 𝑑-dimensional unit cube (with 𝑑 ar-

bitrary), place 𝑛 points uniformly, sort the edges by length,

and build the clique filtration over the edge order.

In both cases, the resulting boundary matrices in degree 1 consist

of

(𝑛
2

)
= Θ(𝑛2) rows and

(𝑛
3

)
= Θ(𝑛3) columns, and the best known

worst-case bound for the number of non-zero entries of the reduced

matrix is 𝑂 (𝑛4).
We refer to the number of non-zero entries of the reduced matrix

as the fill-up. Our main results are that fill-up is only 𝑂 (𝑛3 log𝑛)
in expectation in the Erdős–Rényi case and 𝑂 (𝑛2 log2 𝑛) in the

Vietoris–Rips case. This implies an expected runtime of𝑂 (𝑛6 log𝑛)
and𝑂 (𝑛5 log2 𝑛), respectively, in contrast to the general worst-case

bound of 𝑂 (𝑛7) for matrices of this degree. In the Vietoris–Rips

case, our bound on the non-zero entries is asymptotically optimal

up to logarithmic factors. We also provide some experiments that

suggest that neither our fill-up bound for the Erdős–Rényi case

nor our time bound for the Vietoris–Rips case are tight. Finally,

we construct a concrete family of clique filtrations for which the

reduction algorithm yields a matrix with Θ(𝑛4) fill-up and runs

in Θ(𝑛7) time. This shows that the general worst-case bounds on

fill-up and runtime are tight for the Erdős–Rényi model.

Proof outline. The proof is based on a property that we first

illustrate for the Vietoris–Rips model. The (unreduced) boundary

matrix encodes a filtration 𝑋1 ⊂ 𝑋2 ⊂ ... ⊂ 𝑋𝑚 with 𝑚 =
(𝑛
2

)
,

where 𝑋𝑖 is the clique complex arising from the 𝑖 shortest edges.

Now, consider a non-zero column in the reduced matrix to which

at least one column was added, and let 𝑘 be the index of its lowest

non-zero entry. The key observation is that, in this case, the first

Betti number of the complex 𝑋𝑘 is strictly bigger than the one

of 𝑋𝑘−1. It is well known that the Betti numbers of Vietoris–Rips

complexes undergo a phase transition, and the probability of 𝑋𝑘
having a positive first Betti number goes to zero very quickly when

𝑘 gets large [20]. Hence, it is very unlikely for the reduced boundary

matrix to contain a column with many non-zero entries and a large

lowest entry. This allows us to upper-bound the number of non-zero

entries in expectation.

The same approach also works for Erdős–Rényi filtrations, adapt-

ing a probability bound for Betti numbers from [9] to our situation.

In fact, we prove the aforementioned connection of reduced column

and increasing Betti numbers in any degree and for a more general
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class of filtrations of clique complexes, of which both Erdős–Rényi

and Vietoris–Rips filtrations are special cases.

Related work. There are many variants of the standard reduction

algorithm with the goal to improve its practical performance, par-

tially with tremendous speed-ups, e.g. [1–3, 16, 26, 29, 32]. All these

approaches are based on matrix reduction and do not overcome the

cubic worst-case complexity of Gaussian elimination. We consider

only the standard reduction algorithm in our analysis although we

suspect that our techniques apply to most of these variants as well.

An asymptotically faster algorithm in matrix-multiplication time

is known [24], as well as a randomized output-sensitive algorithm

that computes only the most persistent features [8]. However, these

approaches are not based on elementary column operations and

slower in practice.

In the persistence computation, the order of the simplices (and

thus of the columns and rows in the boundary matrix) is crucial

and can be altered only in specific cases [3, 7]. This order also

determines which elements can be used as pivots. For that reason,

we did not see how to transfer analyses of related problems, such as

the expected complexity of computing the Smith normal form [11]

or the study of fill-in for linear algebraic algorithms [12, 17]. These

methods require either to interleave row and column operations

and swap of rows and columns, or to reorder the rows and columns

and cherry-pick the pivots.

The only previous work on the average complexity of persistence

computation is by Kerber and Schreiber [23, 31]. They show that,

for the so-called shuffled random model, the average complexity

is better than what the worst-case predicts. However, the shuffled

model is further away from realistic (simplicial) inputs than the two

models studied in this paper. Moreover, their analysis requires a

special variant of the reduction algorithmwhile our analysis applies

to the original reduction algorithm with no changes. Moreover,

the PhD thesis of Schreiber [31] contains extensive experimental

evaluations of several random models (including Vietoris–Rips and

Erdős–Rényi); our experiments partially redo and confirm these

evaluations.

While the computational complexity for persistence has hardly

been studied in terms of expectation, extensive efforts have gone

into expected topological properties of random simplicial com-

plexes. We refer to the surveys by Kahle [22] and Bobrowski and

Kahle [5] for an overview for the general and the geometric case,

respectively. From this body of literature, we use the works by

Demarco, Hamm, and Kahn [9] and Kahle [20] in our work. There

are also recent efforts to study expected properties of persistent

homology over random filtrations, for instance the expected length

of the maximally persistent cycles in a uniform Poisson process [6],

or properties of the expected persistence diagram over random

point clouds [10].

Finally, at the best of our knowledge, the only construction to

achieve the worst-case running time for matrix reduction is by

Morozov [25], which however involves only a linear number of

edges and triangles with respect to the number of vertices and it is

not a full (clique) filtration, as required by our models.

Outline. In Section 2, we introduce basic notions on (boundary)

matrices and their reduction and simplicial homology. In Section 3,

we focus on clique filtrations and prove the connection between

Betti numbers and certain columns of the reduced matrix, which

leads to a generic bound for the fill-up. We then apply the general

bound for the Erdős–Rényi (Section 4) and Vietoris–Rips (Section 5)

filtrations. In Section 6, we compare our bounds with experimental

evaluation. In Section 7, we construct a clique filtration realising

the worst-case fill-up and runtime. We conclude in Section 8.

2 Basic notions
Matrix reduction. In the following, fix an (𝑟 × 𝑐)-matrix𝑀 over

Z2, the field with two elements, and let its columns be denoted

by 𝑀1, ..., 𝑀𝑐 . For a non-zero column 𝑀𝑖 , we let its pivot be the
row index of its lowest non-zero entry, denoted by 𝑙𝑜𝑤 (𝑀𝑖 ). We

write #𝑀𝑖 for the number of non-zero entries in the column, and

#𝑀 B
∑𝑐
𝑖=1 #𝑀𝑖 for the number of non-zero entries in the matrix.

Clearly, #𝑀 ≤ 𝑟𝑐 ; if #𝑀 is significantly smaller than that value (e.g.,

only linear in 𝑐), the matrix is usually called “sparse”.

A left-to-right column addition is the operation of replacing

𝑀𝑖 with𝑀𝑖 +𝑀𝑗 for 𝑗 < 𝑖 . If𝑀𝑖 and𝑀𝑗 have the same pivot before

the column addition, the pivot of𝑀𝑖 decreases under the column

addition (or the column𝑀𝑖 becomes zero, if𝑀𝑖 = 𝑀𝑗 ).

Matrix reduction is the process of repeatedly performing left-

to-right column additions until no two columns have the same

pivot. We fix the following version: we traverse the columns from

1 to 𝑐 in order. At column 𝑖 , as long as it is non-zero and has a pivot

that appears as a pivot in some column 𝑗 < 𝑖 , we add column 𝑗 to

column 𝑖 . The resulting matrix is called reduced.
We define the cost of a column addition of the form 𝑀𝑖 ←

𝑀𝑖 +𝑀𝑗 as #𝑀𝑗 , i.e., the number of non-zero entries in the matrix

that is added to𝑀𝑖 . The cost of amatrix reduction for a matrix𝑀

is then the added cost of all column additions performed during the

reduction, and it is denoted by 𝑐𝑜𝑠𝑡 (𝑀). The fill-up of a reduced

matrix 𝑀 ′ is #𝑀 ′, the number of non-zero entries of 𝑀 ′. We can

relate the cost of reducing a matrix 𝑀 to the fill-up of the reduced

matrix as follows.

Lemma 2.1. For a matrix 𝑀 with 𝑐 columns, let 𝑀 ′ denote its

reduced matrix. Then 𝑐𝑜𝑠𝑡 (𝑀) ≤ 𝑐#𝑀 ′.

Proof. Let𝑀 ′≤𝑖 denote the matrix formed by the first 𝑖 columns

of𝑀 ′. Then, after the matrix reduction algorithm has traversed the

first 𝑖 columns, the partially reduced matrix agrees with 𝑀 ′ on the

first 𝑖 columns. In order to reduce column 𝑖 + 1, the algorithm adds

some subset of columns of𝑀 ′≤𝑖 to𝑀𝑖+1, and each column at most

once. Hence, the cost of reducing column𝑀𝑖+1 is bounded by #𝑀 ′≤𝑖 .
Hence, we can bound

𝑐𝑜𝑠𝑡 (𝑀) ≤
𝑐∑
𝑖=1

#𝑀 ′≤𝑖 ≤
𝑐∑
𝑖=1

#𝑀 ′ = 𝑐#𝑀 ′. □

We interpret the cost of 𝑀 as a model of the (bit) complexity

for performing matrix reduction. Indeed, in practice, we will apply

matrix reduction on (initially) sparse matrices whose columns are

usually represented to contain only the indices of non-zero entries

to reduce memory consumption. If we arrange these indices in a

balanced binary search tree structure, for instance, performing a

column operation𝑀𝑖 ← 𝑀𝑖 +𝑀𝑗 can be realized in𝑂 (#𝑀𝑗 log #𝑀𝑖 )
time, which matches our cost up to a logarithmic factor. Alterna-

tively, we can store columns as linked lists of non-zero indices and
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then, reducing column 𝑖 , we can transform the column in a {0, 1}-
vector of length 𝑟 , and perform all additions in time proportional

to #𝑀𝑗 , resulting in a total complexity of 𝑂 (𝑐 (𝑟 + #𝑀 ′)). This com-

plexity matches 𝑐𝑜𝑠𝑡 (𝑀) if the reduced matrix has at least Ω(𝑟 )
non-zero entries (which will be the case for the cases studied in

this paper). We refer to [3] for a more thorough discussion on the

possible choices of data structures for (sparse) matrices.

Staircase matrices. We say that a matrix is in staircase shape
(or staircase shaped) if for any 𝑗 < 𝑖 such that 𝑀𝑗 and 𝑀𝑖 are

non-empty, we have that the pivot of 𝑀𝑗 is not larger than the

pivot of𝑀𝑖 . In other words, the pivots of𝑀 , read from left to right

and ignoring empty columns, form a non-decreasing sequence. We

call a non-zero column𝑀𝑖 with pivot 𝑝 a step column if it is the

column with smallest index that has 𝑝 as pivot (step columns and

their pivots are also called apparent pairs [2, 4]).
Let 𝑀 ′ be the reduction of the staircase shaped matrix 𝑀 . Let

1 ≤ 𝑝 ≤ 𝑟 be a row index that appears as a pivot in some column

of 𝑀 ′. We call 𝑝 a step index if 𝑝 is also a pivot of some column

in 𝑀 . Otherwise, 𝑝 is called a critical index. See Figure 1 for an
illustration of these concepts.

abc acd abd bcd



bc 1 1 1

ad 1 1

ab 1 1

cd 1 1

ac 1 1

bd 1 1

left-to-right column

−−−−−−−−−−−−−−−−→
reduction

abc acd abd bcd



bc 1 1

ad 1 1

ab 1 1 1

cd 1

ac 1

bd 1

Figure 1: Example of a (1-boundary) matrix in staircase
shape (on the left) and its reducedmatrix (on the right), from
the complex in Figure 2. The blue column is a step column,
the row index of the red elements is a step index, and the
row index of the green element is a critical index. The zeros
are not displayed.

The next lemma is simple, yet crucial for our approach:

Lemma 2.2. Let𝑀 be staircase shaped. If 𝑀 ′
𝑖
is a column whose

pivot is a step index, we have that 𝑀 ′
𝑖
= 𝑀𝑖 . Moreover, writing S

for the set of all step columns of𝑀 , we have that

#𝑀 ′ ≤
∑
𝑆 ∈S

#𝑆 +
∑

𝑝 is critical index of𝑀′
𝑝

Proof. Let 𝑀𝑖 be the step column of 𝑀 with pivot 𝑝 . Because

𝑀 is staircase shaped, there cannot be any column with index 𝑗 < 𝑖

that has 𝑖 as a pivot. Hence,𝑀𝑖 = 𝑀
′
𝑖
. Moreover, every column of

𝑀 ′ that has a step index as pivot necessarily is a step column of

𝑀 , so the number of non-zero entries over all columns with a step

index as pivot equals the first term. The columns with critical index

as pivot are bounded by the second term because a column with

pivot 𝑝 can have at most 𝑝 non-zero entries. □

(Filtered) simplicial complexes and boundary matrices. Given a

finite set𝑉 , a simplicial complex 𝐾 over𝑉 is a collection of (non-

empty) subsets of𝑉 , called simplices, with the property that if 𝜎 ∈
𝐾 and 𝜏 ⊂ 𝜎 , also 𝜏 ∈ 𝐾 . A subcomplex 𝐿 of a simplicial complex

𝐾 is a subset of 𝐾 which is itself a simplicial complex. A simplex

with (𝑘 + 1) elements is called 𝑘-simplex. 0-, 1-, and 2-simplices

are also called vertices, edges, and triangles, respectively. For a
𝑘-simplex 𝜎 ∈ 𝐾 , we call a (𝑘 − 1)-simplex 𝜏 with 𝜏 ⊂ 𝜎 a facet of
𝜎 . The set of facets is called the boundary of 𝜎 .

We call the basic notions of simplicial homology (with coeffi-

cients over the field Z2): for a simplicial complex 𝐾 , the 𝑘-th chain
group 𝐶𝑘 is the vector space over Z2 that has the 𝑘-simplices of

𝐾 as basis elements. Let 𝜕𝑘 : 𝐶𝑘 → 𝐶𝑘−1 denote the unique homo-

morphism that maps every 𝑘-simplex 𝜎 to the sum of its facets. We

call the kernel 𝑍𝑘 (𝐾) of 𝜕𝑘 the 𝑘-th cycle group and the image

𝐵𝑘 (𝐾) of 𝜕𝑘+1 the 𝑘-th boundary group; note 𝐵𝑘 (𝐾) ⊆ 𝑍𝑘 (𝐾)
because 𝜕𝑘 ◦ 𝜕𝑘+1 = 0. The 𝑘-th homology group 𝐻𝑘 (𝐾) of 𝐾 is

then defined as 𝑍𝑘 (𝐾)/𝐵𝑘 (𝐾). Note that despite the name “group”

for chains, cycles, boundaries, and homologies, all these objects

are vector spaces (because we take coefficients over Z2). The 𝑘-th
Betti number of 𝐾 , denoted by 𝛽𝑘 (𝐾), is the dimension of 𝐻𝑘 (𝐾).

A filtered simplicial complex is a sequence of nested sim-

plicial complexes. Given a filtered simplicial complex, we see its

simplices as totally ordered first by the entrance (i.e. the step in

the sequence when they first appear) and then by degree, with

the ties broken arbitrarily. The boundary matrix 𝐷 of a filtered

simplicial complex in dimension 𝑘 is a (𝑟 × 𝑐)-matrix with 𝑟 the

number of 𝑘-simplices, 𝑐 the number of (𝑘 + 1)-simplices, and the

entry (𝑖, 𝑗) in the matrix to be 1 if the 𝑖-th 𝑘-simplex (with respect

to the fixed order) is a facet of the 𝑗-th (𝑘 + 1)-simplex of 𝐾 , and 0

otherwise. We interpret boundary matrices as matrices over Z2. For
a boundary matrix 𝐷 in dimension 𝑘 , we have that #𝐷 = (𝑘 + 2)𝑐
because every (𝑘 + 1)-simplex has 𝑘 + 2 facets. Hence, boundary
matrices are sparse, but this sparsity is not necessarily preserved

by matrix reduction [25].

The matrix reduction gives a wealth of information when applied

on a filtered boundary matrix 𝐷 . For once, it yields the rank of 𝐷 ,

which can be used, for instance, to compute the Betti numbers of

the simplicial complex: Writing 𝐷 and 𝐷 for the boundary matrix

in dimension 𝑘 and 𝑘 − 1, respectively, and 𝑛𝑘 for the number of 𝑘-

simplices, we have that 𝛽𝑘 (𝐾) = 𝑛𝑘 −rank(𝐷)−rank(𝐷). Moreover,

since the matrix reduction respects the order of the simplices, the

pivots of the reduced matrix yield the so-called barcode of the

filtered simplicial complex, which reveals the existence and lifetime

of topological features. We refer to [13, 28] for further details about

persistent homology, which are not needed for the rest of the paper.

3 Fill-up for clique filtrations
Clique filtrations. Fix a filtered simplicial complex 𝐾 with (or-

dered) 𝑘-simplices 𝜎1, ..., 𝜎𝑟 . We define the 𝑘-clique complex 𝐾𝑖
with 0 ≤ 𝑖 ≤ 𝑟 as the largest subcomplex of 𝐾 that contains exactly

𝜎1, ..., 𝜎𝑖 as 𝑘-simplices. Note that each 𝐾𝑖 necessarily contains all

ℓ-simplices of 𝐾 with ℓ < 𝑘 , but that is not the case for simplices of

dimension ≥ 𝑘 . Also, note that𝐾𝑖 ⊂ 𝐾𝑗 for 𝑖 < 𝑗 , and the inclusions

𝐾0 ⊂ 𝐾1 ⊂ ... ⊂ 𝐾𝑟 = 𝐾 induce an order on the ℓ-simplices of 𝐾 for

every ℓ > 𝑘 : for every ℓ-simplex 𝜏 , we define its entry time as the

smallest index 𝑖 such that 𝜏 ∈ 𝐾𝑖 , and we order the ℓ-simplices such

that the order respects the entry times, with ties broken arbitrarily.

We are especially interested in the case ℓ = 𝑘 + 1: the simplices with

entry time 𝑖 correspond exactly to the columns of the boundary

matrix in dimension 𝑘 with pivot 𝑖 . This implies that the boundary
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matrix 𝐷 of dimension 𝑘 is in staircase shape, if the 𝑘-simplices and

(𝑘 + 1)-simplices are sorted in the given order.

The most famous example for the above construction is the case

of a Vietoris–Rips filtration for 𝑘 = 1, where for 𝑛 points in a

metric space, the

(𝑛
2

)
edges are sorted by length, defining an order

among them, and triangles are added to the filtration as soon as all

boundary edges are present. Indeed, the entry time of a triangle is

the index of the longest boundary edge in this case.

Fill-up analysis. From now on, we fix 𝐾 to be the complete com-

plex over 𝑛 vertices, yielding a boundary matrix 𝐷 with 𝑟 =
( 𝑛
𝑘+1

)
=

Θ(𝑛𝑘+1) rows and 𝑐 =
( 𝑛
𝑘+2

)
= Θ(𝑛𝑘+2) columns, in which the or-

der of 𝑘-simplices is arbitrary and the order of (𝑘 + 1)-simplices

respects the 𝑘-clique filtration. Let 𝐷 ′ be the reduction of 𝐷 . We

have a simple lower bound on the fill-up of 𝐷 ′:

Lemma 3.1. #𝐷 ′ ≥
( 𝑛
𝑘+1

)
−

(𝑛
𝑘

)
= Ω(𝑛𝑘+1).

Proof. Let 𝐷 denote the boundary matrix in dimension 𝑘 − 1.
Observe that #𝐷 ′ ≥ rank(𝐷) because there will be at least one

non-zero entry at the pivot entries. By the aforementioned formula

of Betti numbers, we have rank(𝐷) = 𝑛𝑘 −𝛽𝑘 (𝐾) − rank(𝐷), where
𝐾 is the complete complex over 𝑛 vertices. The statement follows

because the Betti number of 𝐾 is 0 in all dimensions 𝑘 ≥ 1 and 𝐷 is

a (
(𝑛
𝑘

)
×

( 𝑛
𝑘+1

)
)-matrix whose rank is at most

(𝑛
𝑘

)
. □

We now turn to an upper bound for #𝐷 ′. By Lemma 2.2, we get

#𝐷 ′ ≤ (𝑘 + 2)
(
𝑛

𝑘 + 1

)
+

∑
𝑝 is critical index of 𝐷′

𝑝 (1)

since every column of𝐷 has exactly𝑘+2 non-zero entries. Assuming

𝑘 to be a constant, the first term further simplifies to Θ(𝑛𝑘+1).
For the second term, we link the presence of a critical index 𝑝

with the homology of the 𝑘-clique complex 𝐾𝑝 (see Figure 2):

Lemma 3.2. If 𝑝 is a critical index of 𝐷 ′, then 𝛽𝑘 (𝐾𝑝 ) > 𝛽𝑘 (𝐾𝑝−1).

Proof. Let 𝜎𝑝 denote the 𝑘-simplex indexed by 𝑝 . In 𝐾𝑝 , there

is no (𝑘 + 1)-simplex with facet 𝜎𝑝 : else 𝑝 would be a step index,

in contradiction with Lemma 2.2. Hence, by definition of 𝑘-clique

filtration, 𝐾𝑝 \ 𝜎𝑝 = 𝐾𝑝−1.
Since 𝑝 is a pivot in𝐷 ′, the non-zero entries in its column encode

a 𝑘-cycle 𝑧. All 𝑘-simplices that belong to 𝑧 are in 𝐾𝑝 because 𝑝

is the pivot, but not in 𝐾𝑝−1 as 𝜎𝑝 is not. Thus, 𝑧 ∈ 𝑍𝑘 (𝐾𝑝 ) and
𝑧 ∉ 𝑍𝑘 (𝐾𝑝−1). However, 𝐵𝑘 (𝐾𝑝 ) is generated by the boundaries of

(𝑘 + 1)-simplices in 𝐾𝑝 . Written as columns in 𝐷 , each of them has

a pivot < 𝑝 , so no linear combination of them yields 𝑧. Thus, 𝑧 is a

non-trivial 𝑘-cycle in 𝐾𝑝 but not in 𝐾𝑝−1 and the claim follows. □

· · ·

a

c

b

d

a

c

b

d

a

c

b

d

· · ·

Figure 2: The insertion of the edge 𝑐𝑑 - that has critical index
as Figure 1 shows - create a 1-cycle, i.e., increases 𝛽1.

In combination with (1), the lemma gives

#𝐷 ′ ≤ Θ(𝑛𝑘+1) +
𝑟∑
𝑖=0

𝑖1(𝛽𝑘 (𝐾𝑖 )>𝛽𝑘 (𝐾𝑝−1)) , (2)

with 1(𝛽𝑘 (𝐾𝑖 )>𝛽𝑘 (𝐾𝑝−1)) the indicator function that is 0 if a new

𝑘-th homology group is created, and 1 otherwise. In the worst-case,

𝛽𝑘 increases in Θ(𝑟 ) step, and the bound yields 𝑂 (𝑟2), which can

also be derived directly as an upper bound on #𝐷 ′.

Average complexity. We fix 𝑛, the number of vertices, and the

dimension 𝑘 , and we consider a random variable 𝑋 that yields an

order of the 𝑘-simplices. Now, the induced 𝑘-clique filtration, the

induced order on the (𝑘 + 1)-simplices, the boundary matrix 𝐷 ,

its reduction 𝐷 ′, and the fill-up #𝐷 ′ are random variables as well

depending on 𝑋 . Reviewing (2), we see a better bound is possible

for the fill-up in expectation if the creation of new 𝑘-homology

becomes unlikely for large row indices. More formally, we have the

following conditional bound.

Lemma 3.3. For 𝑇 ≥ 1 an integer and 𝐴 > 0 a real value, assume

that P(𝛽𝑘 (𝐾𝑖 ) > 𝛽𝑘 (𝐾𝑖−1)) < 𝐴/𝑟 for all 𝑖 > 𝑇 (with 𝑟 =
( 𝑛
𝑘+1

)
as

before). Then we have that E[#𝐷 ′] = 𝑂 ((1 +𝐴)𝑛𝑘+1 +𝑇 2).

Proof. We split the second term of (2) in two parts:

𝑟∑
𝑖=0

𝑖1(𝛽𝑘 (𝐾𝑖 )>𝛽𝑘 (𝐾𝑖−1)) =
𝑇−1∑
𝑖=0

𝑖 1(𝛽𝑘 (𝐾𝑖 )>𝛽𝑘 (𝐾𝑖−1))︸                  ︷︷                  ︸
≤1

+
𝑟∑
𝑖=𝑇

𝑖 1(𝛽𝑘 (𝐾𝑖 )>𝛽𝑘 (𝐾𝑖−1))︸                  ︷︷                  ︸
≤𝐴/𝑟

≤ 𝑇 2 +𝐴𝑟,

and the result follows by adding the first term of (2). □

In the next two sections, we will show that the assumption of

the lemma holds for two basic cases of the random variable 𝑋 . In

both cases, we assume 𝑘 = 1, so that the random variable picks an

order on the

(𝑛
2

)
edges of the simplicial complex with 𝑛 vertices.

4 Complexity for the Erdős–Rényi filtration
Our first choice of a random variable is simply to pick one of the(𝑛
2

)
! possible edge orders uniformly at random. This process can

be described as follows: Take the Erdős–Rényi model 𝐺 (𝑛, 𝑍 ), for
𝑍 natural number, of a graph with 𝑛 vertices and 𝑍 edges. Then

consider 𝐾𝑖 as the clique complex given by the first 𝑖 edges. Hence,

the filtration of clique-complexes can be seen as a filtration of

Erdős–Rényi graphs (and their clique complexes) with increasing

integer threshold. We thus call this random variable the Erdős–
Rényi filtrationmodel. We shortcut “Erdős–Rényi” with ER from

now.

Our goal is to show that the boundary matrix of an ER filtration

(in dimension 1) does not fill up too much under matrix reduction

using Lemma 3.3. For that, we show that for 𝑖 large enough, the

probability of 𝛽1 (𝐾𝑖 ) > 0 is small, which bounds the probability

that 𝛽𝑘 (𝐾𝑖 ) > 𝛽𝑘 (𝐾𝑖−1).
We proceed in two steps. First, we consider the probability of

𝛽𝑖 (𝑋 ) > 0, where 𝑋 is the clique complex of an ER graph. For that,

let 𝐺 (𝑛, 𝑝) be the ER model on 𝑛 vertices with edge probability 𝑝 .

Lemma 4.1. There are constants 𝜅 > 0 and 𝜌 > 0 such that if

𝑝 > 𝜌

√
log𝑛
𝑛 , 𝐺 ∼ 𝐺 (𝑛, 𝑝) (i.e., 𝐺 is a randomly chosen ER graph)

and 𝑋 is the clique complex of 𝐺 , then P (𝛽1 (𝑋 ) > 0) < 𝜅/𝑛4.
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This result is almost given in [9, Theorem 1.2] : they show that for

𝜌 = 3

2
, 𝛽1 (𝑋 ) = 0 with high probability (i.e., the probability goes to

1 when 𝑛 goes to∞). We will need the stated speed of convergence

for our proof, and the proof of [9] yields this guarantee (with a

constant larger than 3/2). However, proving this requires us to go

through a large part of the technical details of that paper. We defer

to [15] for these details.

Lemma 4.1 is not sufficient to bound the probability of 𝛽1 (𝐾𝑖 )
being non-zero. The reason is that 𝐾𝑖 is not picked using the model

𝐺 (𝑛, 𝑝) with a fixed 𝑝 , but 𝐺 (𝑛, 𝑖) with a fixed number of edges 𝑖 .

However, we can derive a (crude) bound to relate the two:

Lemma 4.2. Let 𝑝 = 𝑖
𝑟 , 𝐺 ∼ 𝐺 (𝑛, 𝑝), and 𝑋 denote the clique

complex of 𝐺 . Then 𝑛2P (𝛽1 (𝑋 ) > 0) ≥ P (𝛽1 (𝐾𝑖 ) > 0).

Proof. We have that

P (𝛽1 (𝑋 ) > 0) ≥ P ((𝛽1 (𝑋 ) > 0) ∧ |𝐺 | = 𝑖)
= P ((𝛽1 (𝑋 ) > 0) | |𝐺 | = 𝑖) P ( |𝐺 | = 𝑖) .

We claim that the first factor is equal to P (𝛽1 (𝐾𝑖 ) > 0). Indeed,
under the condition of having exactly 𝑖 edges, 𝐺 is just drawn uni-

formly at random among all 𝑖-edge graphs with 𝑛 vertices (because

of the symmetry of the ER model), just as in the ER filtration model

at position 𝑖 .

For the second factor, we observe that the number of edges is a

binomial distribution whose expected value is equal to the integer

𝑟𝑝 = 𝑖 . It is known that, in this case, the probability is maximized

at the expected value (see for instance [19]). Hence, since there

are 𝑟 + 1 ≤ 𝑛2 possible values for the distribution, we have that
P (𝐺 has exactly 𝑖 edges) ≥ 1/𝑛2. □

Main Theorem 1. Let𝐷 ′ be the reduced matrix of the 1-boundary

matrix of an ER filtration. Then E[#𝐷 ′] = 𝑂 (𝑛3 log𝑛) and the cost

of the matrix reduction is bounded by 𝑂 (𝑛6 log𝑛).

Proof. Let 𝐾0 ⊂ 𝐾1 ⊂ ... ⊂ 𝐾𝑟 denote the ER filtration. Choose

𝜅 and 𝜌 as in Lemma 4.1. Set 𝑇 B 𝜌𝑟

√
log𝑛
𝑛 . For every 𝑖 > 𝑇 , we

have that 𝑝 B 𝑖
𝑟 > 𝜌

√
log𝑛
𝑛 . Choosing 𝐺 and 𝑋 as in Lemma 4.1

and Lemma 4.2, we can thus bound

P (𝛽1 (𝐾𝑖 ) > 0) ≤ 𝑛2P (𝛽1 (𝑋 ) > 0) ≤ 𝜅/𝑛2 < 𝜅/𝑟 .
Hence, the hypothesis of Lemma 3.3 is satisfied using the chosen 𝑇

and 𝐴 B 𝜅. It follows

E[#𝐷 ′] = 𝑂 ((1 + 𝜅)𝑛2 + 𝜌2𝑟2 log𝑛
𝑛
) = 𝑂 (𝑛3 log𝑛)

proving the first part of the statement. The second part follows by

Lemma 2.1 since the number of columns is 𝑂 (𝑛3). □

5 Complexity for the Vietoris–Rips filtration
Our second random variable is 𝑉 = {𝑣1, ..., 𝑣𝑛}, a set of points ran-
domly independently sampled from the uniform distribution in the

𝑑-dimensional unit cube [0, 1]𝑑 (with 𝑑 a constant), and the order of

edges is determined by their Euclidean length. The Vietoris–Rips
complex at scale 𝛼 over 𝑉 is given by all the simplices whose di-

ameter is at most 𝛼 , and it is denoted by 𝑅(𝑉 , 𝛼). Thus, fixing 𝛼 > 0,

we see that the clique complex of the graph with all edges of length

at most 𝛼 forms the Vietoris–Rips complex at scale 𝛼 of the chosen

point set. Hence, we call this random variable the Vietoris–Rips
filtration model. We shortcut “Vietoris–Rips” with VR from now.

We proceed similarly to the previous section. First, we use a result

that states that the first Betti number of VR complex is unlikely to

be non-trivial for large values of 𝛼 .

Lemma 5.1. There is a constant 𝜌 > 0 such that:

P

(
∃𝛼 ≥ 𝜌

(
log𝑛

𝑛

)
1/𝑑

: 𝛽1 (𝑅(𝑉 , 𝛼)) ≠ 0

)
< 1/𝑛2 .

Again, this result is almost available in prior work. Kahle [20,

Theorem 6.5] shows that for a smoothly bounded convex shape

and a point set sampled uniformly from that set, the VR complex

at scale 𝛼 has trivial first homology asymptotically almost surely, if

𝛼 ≥ 𝜌
(
log𝑛
𝑛

)
1/𝑑

(Kahle’s statement is in fact stronger and contains

this statement as special case). Our statement is slightly different

because we require that property to hold for the (non-smooth)

cube, we want to bound the speed of convergence, and we want

the bound to hold uniformly over all scales greater than the critical

value instead of a single scale. However, Kahle’s proof strategy also

works for our adapted statement (to the expense of a slightly larger

constant 𝜌). The proof, however, requires us to redo most of the

arguments of [20], and we defer the derivation to [15].

We set 𝛼∗ B 𝜌

(
log𝑛
𝑛

)
1/𝑑

. We let 𝛼𝑖 denote the length of the 𝑖-th

edge in the VR filtration, so that 𝐾𝑖 is the VR complex at scale 𝛼𝑖 .

We show that, for 𝑖 sufficiently large, it is unlikely that 𝛼𝑖 is smaller

than 𝛼∗. 𝐵(𝑣, 𝑟 ) denotes the ball with center 𝑣 and radius 𝑟 .

Lemma 5.2. There is a constant 𝜆 > 0 such that, for all 𝑖 ≥ 𝜆𝑛 log𝑛,
P

(
𝛼𝑖 ≤ 𝛼∗

)
≤ 1/𝑛2 .

Proof. Let 𝜆 be a fixed constant, to be defined later. Let𝑌 denote

the number of edges of length at most 𝛼∗. Then 𝛼𝑖 ≤ 𝛼∗ if and only
if 𝑌 ≥ 𝑖 . It follows that

P
(
𝛼𝑖 ≤ 𝛼∗

)
= P (𝑌 ≥ 𝑖) ≤ P (𝑌 ≥ 𝜆𝑛 log𝑛) .

Hence, it suffices to prove that P (𝑌 ≥ 𝜆𝑛 log𝑛) ≤ 1/𝑛2 for an

appropriate choice of 𝜆.

Write 𝑌𝑘 , for 𝑘 = 1, ..., 𝑛, for the number of edges of length at

most 𝛼∗ with endpoint 𝑘 . Then 𝑌 = 1

2

∑𝑛
𝑘=1

𝑌𝑘 . If 𝑌 ≥ 𝜆𝑛 log𝑛, at
least one 𝑌𝑘 has to be at least 2𝜆 log𝑛. With the union bound this

implies

P (𝑌 ≥ 𝜆𝑛 log𝑛) ≤ P (∃ 𝑘 : 𝑌𝑘 ≥ 2𝜆 log𝑛)

≤
𝑛∑
𝑖=1

P (𝑌𝑖 ≥ 2𝜆 log𝑛) ≤ 𝑛P (𝑌1 ≥ 2𝜆 log𝑛) .

Therefore, to prove the claim, it suffices to show that

P (𝑌1 ≥ 2𝜆 log𝑛) ≤ 1/𝑛3 .

Fix 𝑣 ∈ [0, 1]𝑑 arbitrarily and pick 𝑛 − 1 further points in [0, 1]𝑑
uniformly at random. Let𝑊𝑣 denote the number of points chosen

at distance at most 𝛼∗ to 𝑣 . We will show that

P (𝑊𝑣 ≥ 2𝜆 log𝑛) ≤ 1/𝑛3 ,
which proves the previous claim on𝑌1. Indeed, if we fix the position

of the first vertex of our filtration to be equal to 𝑣 , then𝑌1 and𝑊𝑣 are
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identically distributed (as 𝑣2, ..., 𝑣𝑛 are𝑛−1 points picked uniformly).

So, if the probability of𝑊𝑣 being large is bounded independently

of 𝑣 , the same bound holds for 𝑌1.

Finally, to prove the bound on𝑊𝑣 , we use Chernoff’s bound in

the form given in [18, Theorem 2.1]: For a binomial distribution

𝜉 ∼ 𝐵𝑖𝑛𝑜𝑚(𝑁, 𝑝), and any 𝜅 > 0,

P (𝜉 ≥ 𝑁𝑝 + 𝜅) ≤ exp

(
− 𝜅2

2(𝑁𝑝 + 𝜅/3)

)
≤ exp

(
− 𝜅2

2(𝑁𝑝 + 𝜅)

)
.

We apply this bound on𝑊𝑣 , which is a binomial distribution with

𝑁 = 𝑛 − 1. For 𝑝 , we use the following upper bound

𝑝 =

vol

(
𝐵(𝑣, 𝛼∗) ∩ [0, 1]𝑑

)
vol[0, 1]𝑑

≤ vol𝐵(𝑣, 𝛼∗)
vol[0, 1]𝑑

≤ 𝜈𝑑 (𝛼∗)𝑑 = 𝜈𝑑𝜌
𝑑 log𝑛

𝑛

where 𝜈𝑑 is the volume of the 𝑑-dimensional unit ball. Hence, for

𝐵𝑖𝑛𝑜𝑚(𝑛−1, 𝑝), we have that the expected value (𝑛−1)𝑝 is at most

𝜈𝑑𝜌
𝑑
log𝑛. We apply Chernoff’s bound with 𝜅 = 2𝜆 log𝑛− (𝑛− 1)𝑝

and obtain

P (𝑊𝑣 ≥ 2𝜆 log𝑛) ≤ exp

(
− 𝜅2

4𝜆 log𝑛

)
.

Now we fix 𝜆 B max{𝜈𝑑𝜌𝑑 , 8}. With this choice, we have that

𝜆 log𝑛 ≥ (𝑛 − 1)𝑝 and therefore 𝜅 ≥ 𝜆 log𝑛, so we can further

bound:

exp

(
− 𝜅2

4𝜆 log𝑛

)
≤ exp

(
−1
4

𝜆 log𝑛

)
≤ 1/𝑛2 . □

Main Theorem 2. Let 𝐷 ′ be the matrix reduction of the boundary

matrix of a Vietoris–Rips filtration. Then E[#𝐷 ′] = 𝑂 (𝑛2 log2 𝑛)
and the cost of the matrix reduction is bounded by 𝑂 (𝑛5 log2 𝑛).

Proof. We let 𝐾0 ⊂ 𝐾1 ⊂ ... ⊂ 𝐾𝑟 denote the VR filtration.

Choose 𝜌 and 𝜆 as in Lemmas 5.1 and 5.2. Set 𝑇 B 𝜆𝑛 log𝑛. For

every 𝑖 > 𝑇 , we have that

P (𝛽1 (𝐾𝑖 ) > 0) = P
(
𝛽1 (𝐾𝑖 ) > 0 ∧ 𝛼𝑖 > 𝛼∗

)
+ P

(
𝛽1 (𝐾𝑖 ) > 0 ∧ 𝛼𝑖 ≤ 𝛼∗

)
≤ P

(
∃𝛼 > 𝛼∗ : 𝛽1 (𝑅(𝑉 , 𝛼)) ≠ 0

)
+ P

(
𝛼𝑖 ≤ 𝛼∗

)
≤ 1/𝑛2 + 1/𝑛2

where the last inequality follows from Lemmas 5.1 and 5.2. Hence,

the hypothesis of Lemma 3.3 is satisfied using the chosen 𝑇 and

𝐴 B 1. It follows E[#𝐷 ′] = 𝑂 (2𝑛2 + (𝜆𝑛 log𝑛)2) = 𝑂 (𝑛2 log2 𝑛)
proving the first part of the statement. The second part follows by

Lemma 2.1 since the number of columns is 𝑂 (𝑛3). □

Unsurprisingly, our bound implies that the reduced matrix has

fewer entries in expectation than the unreduced boundary ma-

trix which has precisely 3

(𝑛
3

)
= Θ(𝑛3) non-zero entries. Moreover,

Lemma 3.1 implies that the expected fill-up cannot be smaller than

quadratic in 𝑛, hence our bound is tight up to a factor of log
2 𝑛.

6 Comparison with experimental results
We ran experiments to compare our bounds for fill-up and cost

of our two filtration types with the empirical outcome. For that,

we used [30] to generate 50 random filtrations for each considered

value of 𝑛. Then we used [3] to compute the the average fill-up and

cost of the obtained reduced boundary matrices. Moreover, in all

experiments, we use linear regression on a log-log-scale to calculate

the real values 𝜆 and 𝑒 such that the plot is best approximated by

the curve 𝜆𝑛𝑒 . Similar experiments have been performed in [31].

Figures 5 and 6 show the results for Vietoris–Rips filtrations. For

the fill-up (upper plots), we observe an empirical fill-up of Θ(𝑛2.01)
which is quite expected because of our upper bound of𝑂 (𝑛2 log2 𝑛)
and a matching lower bound of 𝑂 (𝑛2). The cost (bottom plots)

follows a curve of around Θ(𝑛3.8) which is far from our upper

bound of𝑂 (𝑛5 log2 𝑛), suggesting that our bound on the cost is not

tight. This is perhaps not surprising because our bound on the cost

is based on the (pessimistic) assumption that the reduction of a

column needs to add all previously reduced columns of the matrix

to it (see the proof of Lemma 2.1). A tighter upper bound for the

cost would have to improve on this part of the argument.

Figures 7 show the results for Erdős–Rényi filtrations. The re-

gression yields an observed complexity of around Θ(𝑛2.08) for the
fill-up and Θ(𝑛5.06) for the cost, which are quite far from our upper

bounds of 𝑂 (𝑛3 log𝑛) and 𝑂 (𝑛6 log𝑛), respectively. Note that in
the proof of Lemma 3.3, we assume that all columns with a pivot

smaller than the threshold 𝑇 are dense, and we use the rather large

value of 𝑇 = Θ(
√
𝑛3 log𝑛) in the proof of Main Theorem 1. We

speculate that a tighter bound has to analyze the behavior in this

“subcritical regime” more carefully (a possible approach for that

might be to use techniques from [17] to find a probabilistic bound

on the density of the columns). On the other hand, it is perhaps

surprising that the empirical cost seems bigger than the empirical

fill-up by a factor very close to 𝑛3. That suggests that, unlike in the

Vietoris–Rips case, Lemma 2.1 is not too pessimistic in bounding

the cost of the reduction in this case.

7 Worst-case fill-up and complexity
Our upper bounds on average fill-up and cost are smaller than

the respective worst-case estimates. However, these estimates are

based on the assumption that the reduction algorithm produces

dense columns (since the fill-up of a column with pivot 𝑖 is upper

bounded with 𝑖). Since the boundary matrix initially has only a

constant number of non-zero entries per column, the question is

whether such a bound is really achieved in an example, or whether

the upper bound is not tight.

Even for general boundary matrices of simplicial complexes, it

requires some care to generate just one dense column in the reduced

matrix. For the worst-case, however, one has to generate many

such columns (to achieve the worst-case fill-up), and ensure that

these columns get used in the reduction of subsequent columns (to

achieve the worst-case cost). This has been done by Morozov [25]

for general simplicial complexes. However, restricting to clique

complexes puts additional constraints and invalidates his example.

In this section we show the following result:

Theorem 7.1. For every 𝑛 ∈ N, there is a clique filtration over
𝑛 vertices, for which the left-to-right reduction of the 1-boundary
matrix has a fill-up of Θ(𝑛4) and a cost of Θ(𝑛7).

This result complements Main Theorem 1 because the clique

filtration we construct is a possible instance of the ER filtration

model, hence the expected fill-up and cost for this model are indeed

smaller than the worst-case by a factor of roughly 𝑛.
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Idea of the construction. Recall that a clique filtration is not com-

pletely fixed by the order of edges: many triangles can be created by

the insertion of an edge, forming columns in the boundary matrix

with the same pivot, and the order of these columns influences the

resulting matrix (even if their order was irrelevant for the expected

bounds). Our construction for Theorem 7.1 carefully chooses an

edge order and an order of the columns with the same pivot. The

details are rather technical, so we start with a more high-level

description of the major gadgets of our construction.

The main idea is to define two groups of Θ(𝑛2) edges (or equiv-
alently, rows of the boundary matrix) that we call group II rows

and group III rows, with group II rows having smaller index than

group III rows (the notation is chosen to fit the technical description

that follows). We first make sure to produce Θ(𝑛2) columns in the

reduced matrix such that each column has exactly one non-zero

group III element that is its pivot, and Θ(𝑛2) non-zero group II

elements. We call such columns fat for now. Achieving this already
yields a fill-up of Θ(𝑛4). To get the cost bound, we make sure to

produceΘ(𝑛3) further columns (i.e., on the right of the fat columns)

which we call costly columns. They have the property that during

the reduction, they reach an intermediate state where they have

gathered Θ(𝑛2) non-zero elements in group III and their pivot is

in this group as well. To complete the reduction, the algorithm is

then required to add Θ(𝑛2) fat columns to the current column. That

means that the cost of reducing a costly column is Θ(𝑛4), and since
there are Θ(𝑛3) costly columns, the bound on the cost follows.

Themain question is: how dowe produce fat and costly columns?

Let us start with fat columns. The key notion is the one of the

cascade; we refer to Figure 3 for an illustration of the following

description. We introduce another set of Θ(𝑛2) edges that define
group IV (which come after group III in the edge order). Let 𝑖 denote

the row index of some group IV row. Our construction ensures that

there is a column with pivot 𝑖 that has as further entries 𝑖 − 1 and
one in group II. We select this column as step column for 𝑖 , so it

does not change in the reduction. The set of these step columns

forms the cascade. Moreover, we ensure that all entries in group II

over all cascade columns are at pairwise distinct indices to avoid

unwanted cancellation in later steps.

After the construction the cascade, we include Θ(𝑛) edges of
group V. This generates Θ(𝑛2) columns that acquire a group IV

pivot during the reduction. Moreover, we ensure that the (partially

reduced) column has exactly one non-zero element of group III, and

that all these group III indices are pairwise distinct for all columns

in this group. To reduce this column further, we have to add the

cascade columns, until the non-zero group III element becomes

the pivot. While iterating through the cascade, the reduced column

accumulates more andmore non-zero elements in group II, resulting

in a size of Θ(𝑛2). This creates the fat columns. Note that no two

fat columns are added to each other because we ensure that they

have pairwise distinct pivots from group III – again, this avoids

unwanted cancellation.

For generating costly columns, the idea is the same: we construct

another cascade (using rows of group VI) and then a group VII to

ensure that the cascade will fill up columns in the row indices

of group III. Afterwards, the reduction has to continue and adds

columnswith pivots at group III, which are precisely the fat columns

from the previous step.

1° 2°

Cascade Cascade

𝑎 𝑎𝑎

II

𝑎 𝑎𝑎

III

𝑎 𝑎𝑎

IV

𝑎𝑎
V

𝑎 𝑎𝑎

VI

𝑎𝑎
VII

Fat Costly

columns columns

Figure 3: Example of a boundary matrix realising the worst-
cases, unreduced (left) and halfway in the reduction (right),
i.e. after running through both cascades.

7.2. Vertices.Consider five groups of 𝑝 vertices, for 𝑝 an odd number,

called 𝐴, 𝐵,𝐶, 𝐷 , and 𝐸. The elements in these groups are enumer-

ated from 0 to 𝑝 − 1. An additional vertex, outside these groups, is

called 𝑟𝑜𝑜 𝑓 . We construct our clique filtration on these 𝑛 = 5𝑝 + 1
vertices. We divide the edges in eight groups I-VIII such that the

edge order is given first by the group number and then by some

order that we specify inside each group.

I

II

III

IV

V

roof

𝑎0
𝑎1 · · · 𝑎𝑝−1

𝑏0 𝑏1 · · · 𝑏𝑝−1

𝑐0 𝑐1 · · · 𝑐𝑝−1

𝑑0 𝑑1

· · ·
𝑑𝑝−1

𝑒0 𝑒1 · · ·
𝑒𝑝−1

Figure 4: Points of the five groups, where the point 𝑥𝑖 belong
to the group 𝑋 , and edges of the first five groups. The edges
of group I and II are thicker, the ones of group V are dashed.

7.3. Groups of edges. Group I is given by the 3𝑝 edges between

𝑟𝑜𝑜 𝑓 and 𝐴, 𝑟𝑜𝑜 𝑓 and 𝐵, and 𝑟𝑜𝑜 𝑓 and 𝐸, by the 2(𝑝 − 1) edges
that form the path (𝑎0, ..., 𝑎𝑝−1) in 𝐴 and the path (𝑒0, ..., 𝑒𝑝−1) in
𝐸, by the edges 𝑎0𝑐0 and 𝑏𝑝−1𝑒0, and finally by the

1

2
(𝑝2 + 𝑝) edges

between the last
𝑝+1
2

vertices in 𝐸 and all the vertices in 𝐷 . Group II

has 𝑝 (𝑝 − 1) edges, given by all the edges of the complete bipartite

graph between 𝐶 and 𝐷 except of the edges 𝑐𝑖𝑑𝑖 , for 𝑖 = 0, ..., 𝑝 − 1.
Group III is given by all the 𝑝2 edges that form a complete bipartite

graph between 𝐵 and 𝐶 . The order of the edges inside each of

these groups is irrelevant and chosen randomly. The groups IV

and VI are given by a subset of cardinality 𝑝2 − 1 of the 2𝑝2 edges
between𝐴 and𝐶 ∪𝐷 , and between 𝐸 and 𝐵∪𝐶 , respectively. These
edges and their order have to be chosen carefully and we describe

them in Paragraphs 7.4 and 7.6, respectively. Group V is given by

all the 𝑝 edges from 𝑎𝑝−1 to 𝐵. Group VII is made of the
(𝑝+1)𝑝

2

edges between {𝑏 𝑝−1
2

, ..., 𝑏𝑝−1} and 𝐷 , and are ordered firstly in

decreasing order on the indices in 𝐵 and then in decreasing order

on the indices in 𝐷 . Finally, the eighth group is given by all the

remaining edges, whose order is irrelevant as long as they enter

in the filtration after all the previous groups. We do not consider
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them further. The first five groups are depicted in Figure 4 and the

sixth and seventh groups in the zoom-in of Figure 8.

7.4. Group IV. Since each vertex in the graph𝐺 = (𝐶 ∪𝐷, group II)
has even degree, there exists an Eulerian path on 𝐺 , starting in

𝑐0. The edges in group IV are given as follows: for 𝑗 = 1, ..., 𝑝 − 1,
starting from the ( 𝑗𝑝 − 𝑗)-th vertex in the path, we connect 𝑝 − 1
consecutive vertices of the Eulerian path to the vertex 𝑎 𝑗−1. The
edges are ordered first by increasing 𝑗 and then by the order of the

Eulerian path. Note that, by construction, none of the columns with

pivots in row group IV have a non-zero element in row group III.

We choose as step columns the triangles with two edges in group

IV, i.e., the elements in the cascade. Of these triangles, all but 𝑝 − 1,
i.e., the triangles constructed using the edges between elements in

𝐴, have as third edge an element of the Eulerian path. In particular,

we have (𝑝 − 1)2 step columns that have all different elements in

the row group II. These columns form the first cascade. The order

of the non-step triangles is irrelevant.

7.5. Step columns from group V. We fix as step columns all the

triangles that have an edge in group V and two edges in group I.

The order of all the other 𝑝 − 1 triangles created by that edge in V

is irrelevant, and we add them as required by the filtration. Note

that none of the step columns has a non-zero element in row group

III, but each of the non-step columns has one.

7.6. Edges of group VI and triangles from group VI and VII. Consider
the subset 𝑆 of edges in the bipartite graph 𝐵 ∪𝐶 given by all the

edges but 𝑏𝑖𝑐𝑖 , for 𝑖 = 0, ..., 𝑝−1. Now every vertex in 𝐵∪𝐶 has even

degree in 𝑆 , and thus there exists an Eulerian path on 𝑆 , starting in

𝑏𝑝−1. We give the ordered edges of group VI analogously to how

we gave the edges of group IV: for 𝑗 = 1, ..., 𝑝 − 1, starting from the

( 𝑗𝑝 − 𝑗)-th vertex in the path, we connect 𝑝 −1 consecutive vertices
of the Eulerian path to the vertex 𝑒 𝑗−1. The edges are ordered first

by increasing 𝑗 and then by the order of the Eulerian path.

For the order of the triangles closed by an edge in group VI, we

choose as step columns the ones given by triangles with two edges

in group VI and one in group III, but for the first step column which

is given by the points 𝑏𝑝−1𝑐𝑝−2𝑒0. Therefore the step columns form

a cascade with all different elements in group III. The step columns

with pivots in group VII are given by the triangle with a vertex in

𝐵, one in 𝐷 and one in 𝐸. The order of the remaining triangles of

both groups is irrelevant and chosen randomly.

Proof of Theorem 7.1. We begin by proving the fill-up, and

then we use it to prove the complexity. The edges of group I form

some triangles whose reduction is not relevant to the worst-cases.

The edges of group II and group III do not form any triangles. The

edges of group IV close many triangles; the ones corresponding

to the step columns form the cascade and are not reduced. The

columns of the other triangles need to be reduced. At the end of

their reduction, they will have a pivot in row group II which does

not influence the rest of the construction. We now consider group

V. By construction, in the reduction of a column 𝑡 with pivot in

row group V, we add the previous step columns with pivot in row

group V, moving the pivot of 𝑡 somewhere in the last 𝑝 − 1 rows
of group IV. This triggers the cascade reduction, and we add all

the Θ(𝑝2) columns of the cascade. All the cascade columns have

different non-zero elements in row group II and none of them has

a non-zero element in row group III. Thus, 𝑡 accumulates Θ(𝑝2)
non-zero entries in row group II before exiting the reduction with a

pivot in row group III. This procedure has to be repeated for all the

Θ(𝑝2) non-step columns that the edges of group V form, resulting

in Θ(𝑝2) columns with Θ(𝑝2) elements, for a total fill-up of Θ(𝑛4).
We now discuss the complexity. We first note that, by construc-

tion, none of the columns with pivots in row group VI or VII has

a non-zero element in group IV or V. Moreover, there are Θ(𝑝3)
non-step columns with pivot in row group VII, given by one of the

𝑝 (𝑝+1)
2

edges in group VII and the 𝑝 − 1 points in 𝐶 . Since the step
columns with pivots in row group VII have each a non-zero element

in the last half of row group VI, the reduction of those non-step

columns pass through at least half of the cascade of group VI, thus

accumulating Θ(𝑝2) elements in row group III. Now, from the fill-

up discussion, the rows of group III are already pivots, specifically

of the Θ(𝑝2)-dense columns discussed above. Therefore, we have

Θ(𝑝3) columns that accumulates Θ(𝑝2) elements, requiring thus

an equal amount of operations, each of which flip Θ(𝑝2) elements,

for a total of Θ(𝑛7) complexity. □

8 Conclusions and future work
We established upper bounds for fill-up and cost of matrix reduction

for two filtration types commonly studied in topological data anal-

ysis. We focused on (homological) degree 1. Our approach extends

in principle also to the higher-dimensional homology because the

boundary matrix of a clique filtration is also in staircase shape for

all 𝑘 > 1 if ties are broken in an appropriate manner. In the Erdős–

Rényi case, the major obstacle is the generalization of Lemma 4.1,

for which we are not aware of a proof (such a generalization is

proved for homology with rational coefficients [21]). While the

result of [20, Theorem 6.5] also gives a threshold for all higher

homology groups to be trivial, the adaption of our proof is not

straight-forward because for 𝑘 > 1, several 𝑘- and (𝑘 +1)- simplices

can be added to the filtration simultaneously. To extend to other fil-

tration types, it should be noted that our analysis crucially exploits

the property of the filtrations to be a sequence of clique complexes;

without this property, the connection of critical columns and Betti

numbers (Lemma 3.2) fails and a modified approach is needed.

We assumed complete filtrations in this work. It is common

in practice to consider truncated filtrations. For instance, for VR

filtrations, one often removes all simplices with a diameter greater

than a given threshold. In this case, when the number of columns

is equal to 𝑐0 ≤ 𝑐 , the cost bound of Lemma 2.1 reduces to 𝑐0#𝐷
′
.

Our bounds on average fill-up and cost for matrix reduction are

better than the currently best known worst-case bounds of 𝑂 (𝑛4)
and 𝑂 (𝑛7), respectively (for a (

(𝑛
2

)
×

(𝑛
3

)
)-boundary matrix). We

showed that these worst-cases can be realised in the ER model, but

it is unclear if they can be realised by a VR filtration. We leave the

study of these worst-cases for future work.
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Figure 5: Average fill-up and cost for the reduction of the VR
filtration of a random point set sampled uniformly in [0, 1]2.
The regression coefficients are shown in the figure.

Figure 6: Average fill-up and cost for the reduction of the VR
filtration of a random point set sampled uniformly in [0, 1]3.
The regression coefficients are shown in the figure.

Figure 7: Average fill-up and cost for the reduction of the
ER filtration. The regression coefficients are shown in the
figure.

VI

VII
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𝑏 𝑗

· · ·
𝑏𝑝−1

𝑐0 𝑐 𝑗 𝑐𝑝−1
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· · ·

𝑑 𝑗
· · ·

𝑑𝑝−1

𝑒0 · · · 𝑒 𝑗 · · · 𝑒𝑝−1

Figure 8: Zoom-in to the edges of groups VI andVII. For read-
ability, 𝑗 = 𝑝−1

2
. The edges of group VII are thicker.
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𝑎0𝑐2 1 1 1

𝑎1𝑐2 1 1

𝑎1𝑑0 1 1 1
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Figure 9: Example of the cascade construction for 𝑝 = 3 given
by the edges (left) and relative (sub)matrix (right). For clar-
ity’s sake, we depicted only a subset of the edges, namely
group II, IV and some of group I. The edges of group I and II
are thicker.
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